We study the generalization of the Kerr-Newmann black hole in 5D Einstein-MaxwellChern-Simons theory with free Chern-Simons coupling parameter. These black holes possess equal magnitude angular momenta and an event horizon of spherical topology. We focus on the extremal case with zero temperature. We find that, when the ChernSimons coupling is greater than two times the supergravity case, new branches of black holes are found which violate uniqueness. In particular, a sequence of these black holes are non-static radially excited solutions with vanishing angular momentum. They approach the Reissner-Nordström solution as the excitation level increases.
Introduction
It is well known that in four space-time dimensions black holes satisfy the uniqueness theorem. The theorem states that asymptotically flat non-degenerate black holes in Einstein-Maxwell theory are uniquely characterized by the global charges such as the mass, the angular momentum and the electric charge. Rotating black holes with electric charge are described by the Kerr-Newman solution, which is known in closed form.
In higher dimensions this is no longer the case. The Schwarzschild, the ReissnerNordström, and the Kerr metric have closed-form generalizations. But the rotating and electrically charged black hole in higher dimensional Einstein-Maxwell theory is not known analytically.
Nevertheless, other analytical solutions have been obtained in more general theories. One of these examples is found when a Chern-Simons term is added to the Einstein-Maxwell action in five dimensions 1 . For a specific value of the ChernSimons coupling (supergravity), the general rotating and electrically charged black holes are known analytically. A subset of these solutions are the BMPV black holes 2 . These black holes have vanishing angular velocity, but they are not static since the total angular momentum does not vanish.
In this paper we are interested in the generalization of these EMCS black holes to general CS coupling constant. Since no general analytical solution is known, we will use numerical methods to generate the black holes and study their properties. In addition to the numerical methods, we can obtain some properties of extremal EMCS black holes if we study near-horizon solutions in the entropy function formalism 5 . In particular we will be interested in the solutions obtained when the CS coupling is greater than two times the supergravity value. We will see that for these values of the CS coupling, an interesting new family of solutions is found 3, 4 . Let us start presenting the theory and Ansatz.
The Theory and the Ansatz

Theory
Einstein-Maxwell-Chern-Simons theory in five dimensions has the following action:
where R is the curvature scalar and A µ is the gauge potential with field strength tensor
λ is the CS coupling parameter which in principle is free. Minimal 5-dimensional gauged supergravity is found for λ = λ SG = 1. We choose the normalization so that 16π G 5 = 1. Here we are interested in asymptotically flat space-times. From this action we obtain the field equations:
Ansatz
We are interested in the 5-dimensional generalization of the Kerr-Newmann black holes, i.e., stationary black holes with spherical horizon topology and axial symmetry. Hence the space-time has the Killing vectors ξ = ∂ t , η (1) = ∂ ϕ1 and η (2) = ∂ ϕ2 , where t is a time-like coordinate, and ϕ 1 , ϕ 2 are two angular coordinates related to the two axes of rotation. We restrict the black holes to have both angular momenta of equal magnitude,
This means that the symmetry is enhanced to cohomogeneity-1 configurations. All theses properties can be parametrized with the following Ansatz for the metric
where θ ∈ [0, π/2], ϕ 1 ∈ [0, 2π] and ϕ 2 ∈ [0, 2π]. In addition, the Ansatz for the gauge potential is
The unknown metric and gauge potential functions depend only on the radial coordinate r, which we will assume to be a quasi-isotropic radial coordinate. The event horizon is located at r = r H , where f (r H ) = 0. And in particular extremal black holes are characterized by r H = 0, f ′ (0) = 0.
Charges and other properties
Black holes can be characterized by several properties like their global charges. The existence of a time-like and angular Killing vectors allows us to use the the Komar formula to obtain the total mass M and angular momentum J of a configuration
Where
We can also calculate the electric charge Q of the black hole,
whereF µ1µ2µ3 ≡ ǫ µ1µ2µ3ρσ F ρσ . The event horizon rotates with angular velocity Ω H , defined as
Other quantities of interest are related to the event horizon. For example, the area of the event horizon A H and the horizon angular momentum J H(k) are given by
where H represents the surface of the horizon. We define the horizon angular momenta J H(k) by the Komar expression evaluated at the horizon. Note that equalmagnitude total angular momenta, |J (k) | = J, implies equal horizon angular momenta, |J H(k) | = J H . Also note that the area is related to the entropy: S = 4πA H .
Solutions Predicted by the Attractor Mechanism for λ > 2
Let us assume that the extremal black holes with event horizon of spherical topology have a near-horizon space-time with isometries given by AdS 2 × S D−2 . An Ansatz incorporating these symmetries 3-5 is
Note that the horizon is atr = 0. For the gauge potential we write
The Ansatz is described by the constant parameters v 1 , v 2 , η, α, ρ and p. These parameters satisfy some constraints which can be obtained from the field equations, or equivalently from the near-horizon formalism. The algebraic relations are
and leave two undetermined parameters, which can be related to the angular momentum J and the electric charge Q of the extremal black hole. These two charges can be calculated using the associated Noether charges 4, 6 . The angular momentum J is
and the electric charge Q is
We can calculate some horizon charges, such as the horizon angular momentum (from the Komar formula) and horizon area:
4. Global solutions in λ > 2
To obtain global solutions, we solve the EMCS equations numerically. We specify the usual boundary conditions for regular event horizon and asymptotic flatness. We use a numerical package implementing a collocation method for boundary-value ordinary differential equations, with an adaptive mesh selection procedure 3, 4 . Let us present results for λ = 5 and fixed electric charge |Q| = 1. The properties obtained for these parameters are generic for other values of |Q| and λ > 2.
Branch structure and radially excited solutions
The introduction of the CS term makes the theory no longer invariant under changes of sign of Q, for a fixed λ. For instance consider Q = −1. solutions. In Figure 1 we can see that black holes with negative electric charge and λ > 2 have always a finite horizon area, and charged non-static solutions can be connected continuously with the charged static solution by continuously decreasing the angular momentum. It can be demonstrated that the near-horizon solutions correspond one to one with the global solutions. (B [1, 2] , B * [1, 2] ) (B [1, 2] , B * [1, 2] ) (B [2, 3] , B * [2, 3] ) (B [2, 3] , B * [2, 3] ) C [1, 2] C [1, 2] C [3, 4] C [3, 4] Black holes with Q = 1 are completely different. A singular configuration with zero area is always found at some finite angular momentum. This corresponds to the peaks around |J| = 0.03 in figure 1 . Black holes with a larger |J| have finite horizon area, and again the near-horizon solutions correspond one to one with the global solutions. In Figure 1 it can be seen that for values of |J| between the singular solutions, a complicated branch structure is found. The structure contains cusps C [i,j] , where the mass reaches a local maximum, but also of the area. The structure also contains branching points B [i,j] , B * [i,j] , where two different solutions with the same global charges coexist. The two solutions can be distinguished by their values of the horizon parameters (area, horizon angular momentum). This branch structure repeats an infinite number of times. Note that in the branch structure, we find non-static J = 0 solutions, and we have labeled them with an integer number n. This number corresponds to the number of nodes of the functions ω and a k , and they can be understood as radially excited solutions. The mass of these solutions increases discretely towards the mass of the static black hole. Surprisingly, the near-horizon solution of this family of solutions is always the same.
Domain of existence and non-uniqueness
In figure 2 we present the domain of existence of the black holes we have considered, representing Q and J scaled to the mass. Note that for positive Q, we have the branch structure of extremal solutions containing the radially excited black holes. These extremal black holes do not form the boundary of the domain of existence. In fact because of this, we can easily see in figure 2 that there are non-extremal black holes with the same global quantities as these extremal solutions. In particular, we show solutions with Ω H = 0, intersecting in multiple points the extremal solutions.
Hence, we can find two types of non-uniqueness. In the previous section we have seen non-uniqueness between extremal solutions (B and B * ), at the branching points of figure 1 ). Now we can see that there is also non-uniqueness between extremal and non-extremal solutions.
In addition we find that one near-horizon solution can correspond to only one global solution, multiple (even infinite) global solutions, or no global solution at all.
